It has been conjectured that the two-dimensional N = 2 Wess-Zumino model with a quasihomogeneous superpotential provides the Landau-Ginzburg description of the N =2 superconformal minimal models. For the cubic superpotential W = λΦ 3 /3, it is expected that the Wess-Zumino model describes A 2 model and the chiral superfield Φ shows the conformal weight (h,h) = (1/6, 1/6) at the IR fixed point. We study this conjecture by a lattice simulation, extracting the weight from the finite volume scaling of the susceptibility of the scalar component in Φ. We adopt a lattice model with the overlap fermion, which possesses a Nicolai map and a discrete R-symmetry. We set aλ = 0.3 and generate the scalar field configurations by solving the Nicolai map on L × L lattices in the range L = 18 -32. To solve the map, we use the Newton-Raphson algorithm with various initial configurations. The result is 1 − h −h = 0.660 ± 0.011, which is consistent with the conjecture within the statistical error, while a systematic error is estimated as less than 0.5 %.
Introduction-Two-dimensional N = 2 Wess-Zumino (WZ) model with a quasihomogeneous superpotential is expected to describe, at the infrared (IR) fixed point, the N = 2 superconformal minimal models [1] [2] [3] [4] [5] [6] . This conjecture, which followed an analogous discussion for N = 0 by Zamolodochikov [7] , has been tested in various aspects [8] [9] [10] [11] [12] [13] [14] [15] . If one could calculate correlation functions of the WZ model directly in the IR region, it would
give us a further test of the conjecture. Since the coupling of the WZ model becomes strong in the IR region, this certainly requires non-perturbative techniques.
Lattice methods can be useful for this purpose. Although the realization of supersymmetry on the lattice is known to be difficult because of the lack of translation invariance and the failure of the Leibniz rule [16, 17] , one can preserve some part of the extended supersymmetries which are not directly related to the translation symmetry [18] [19] [20] [21] [22] [23] [24] [25] [26]. In such a lattice model, in general, extra fine tunnings are required to keep the model within the universality class of the target continuum theory. But, in some lower-dimensional models, the part of the supersymmetries preserved on the lattice, together with other lattice symmetries, turn out to be sufficient to suppress the extra relevant and marginal operators.
The two-dimensional N = 2 WZ model is an example of such supersymmetric field theories that can be formulated successfully on the lattice in the above sense [18] [19] [20] , and can be studied non-perturbatively through lattice simulations.
The purpose of this article is to provide a non-perturbative numerical evidence for the above conjecture in the case of the simplest cubic superpotential W (Φ) = λΦ 3 /3 by simulating the lattice WZ model which possesses the Nicolai map [27] [28] [29] and a discrete Rsymmetry [20] . For the cubic superpotential, it is expected that the WZ model describes the A 2 model (c = 1) and the chiral superfield Φ shows the conformal weight (h,h) = (1/6, 1/6) at the IR fixed point. We will extract the conformal weight of the chiral superfield Φ from the finite volume scaling of the susceptibility of the scalar component φ in Φ. Interestingly, the A 2 model is also realized by the Gaussian model (c = 1) with the coupling constant K at the N = 2 supersymmetric points, K = 1/12π or 3/4π [30, 31] . We will extract the coupling constant K of the Gaussian model by identifying the phase factor of the scalar component φ as the 2π-periodic Gaussian field. This will provide a clear numerical evidence of the full recovery of N = 2 supersymmetry in the IR limit.
Lattice formulation of WZ model -We adopt the lattice WZ model which possesses a Nicolai map and a discrete R-symmetry [20] . The model is formulated with overlap Dirac operator [32, 33] 
with the first forward, backward difference operators ∇ ± µ . D satisfies the Ginsparg-Wilson relation [34, 35] , Dγ 3 + γ 3 D = 0 withγ 3 = γ 3 (1 − aD), and it can be expressed as D = γ 1 S 1 + γ 2 S 2 + aT in a spinor decomposition, defining three difference operators S 1 ,
Then, the bosonic and fermionic actions are given by
where
In the finite lattice of the volume L × L, we adopt the periodic boundary condition for both bosonic and fermionic fields.
Throughout this article we consider the cubic superpotential W (Φ) = λΦ 3 /3. The coupling λ, which has the mass dimension one, is the unique mass parameter of our model, besides the lattice spacing a. Thus λ gives the scale under which the WZ model reduces to a conformal field theory. To see the conformal behavior on the lattice, we should prepare a large lattice size L/a ≫ (aλ) −1 , while the continuum limit is L/a → ∞ and aλ → 0.
We summarize the symmetries of our lattice model. First we note that the WZ model possesses the Nicolai map [27] , which is explicitly given by
The Jacobian of this map from {φ, φ * } to {η, η * } precisely cancels the overlap fermion determinant |D + F (φ)|, while the bosonic action S B is identical to the Gaussian weight a 2 x |η(x)| 2 , which allows us to interpret η, η * as the random white noises. Thanks to this map, the lattice model has the following on-shell nilpotent supersymmetry Q:
where we write ψ = (
lattice model also has a Z 3 R-symmetry. S F has the U(1) R-symmetry under φ → e −2iα φ, ψ → e iαγ 3 ψ,ψ →ψe iαγ 3 . But this symmetry is broken to Z 3 (α = nπ/3, n ∈ Z) by the last two terms in S B , which would be surface terms in the continuum limit.
With these symmetries, we can show in the lattice perturbation theory that the desired continuum limit is achieved without extra fine-tunings. The redefined fields ϕ ≡ λφ, χ ≡ λψ are helpful for this discussion. In this notation, ϕ has mass dimension 1 and χ has 3/2, and λ is factorized as the overall factor 1/λ 2 in the action. This overall factor counts the number of loops as the Planck constant does. Consider the generic radiative correction to an operator O of mass dimension p (≥ 0) in the action,
where c 0 , c 1 , ... are constants. The first, second and third terms represent the contributions at tree, one-loop and two-loop levels. In the continuum limit a → 0 , the corrections terminate at the two-loop level. At the tree level the lattice action agrees with that of the WZ model in the continuum limit. So we have to consider the operators with p ≤ 2. Such operators which preserve the Z 3 R-symmetry and the fermion number are a constant and ϕ * ϕ. But the constant has no effect on the path-integral and ϕ * ϕ is forbidden by the supersymmetry Q. Thus we do not need any extra fine-tunings to achieve the desired continuum limit, at least in the perturbation theory.
We also note that by the Z 3 R-symmetry, the cubic quasi-homogeneous superpotential is uniquely singled out. The Yukawa coupling termsψ(1 + γ 3 )φ n (1 +γ 3 )ψ with n = 1 and their conjugates, which may appear in the models other than the A 2 model, are not allowed by the Z 3 R-symmetry. Therefore, we do not need to worry about operator mixings even at finite lattice spacing a.
Unfortunately, however, |D + F | can be negative. It is easily shown that 
where · · · η denotes the average over the Gaussian white noise η. One do not need the updating procedure like the molcular dynamics in the HMC algorithm.
Of course, one needs to evaluate sgn|D + F (φ i )|, but it would not be demading in two dimensions for moderate lattice sizes L/a. To solve the Nicolai map numerically, one may use the Newton-Raphson algorithm with a globally convergent strategy [39] . A difficulty is that one do not know N(η) a priori. What one may try then is to solve the Nicolai map with various initial configurations.
We sample configurations with the above strategy in this work. For each noise η, we try the Newton-Raphson iterations from 100 initial φ configurations. Since almost all noises would be of order O(1), the solutions should be of order O(1). So we generate these initial configurations by the standard normal distribution. And we suppose that the configurations obtained in this method exhaust solutions of the Nicolai map.
We check the quality of these samples by two tests. One is the Witten index [40] . Note that the denominator in Eq. 
For instance, the case m, n = 1 reads S B = L 2 . An ideal case to pass these tests is when it happens that 
Here we omit the contribution from the correlations at the distances shorter than λ scales in the IR region, the finite volume scaling of χ φ in the continuum limit should read
where V = L 2 is the system volume. Using this relation, we read 1 − h −h from the slope of the lnχ φ -lnL 2 plots. For a further support of the conjecture, we will also extract the coupling constant K of the Gaussian model as follows. In the continuum limit, the WZ model has U(1) Rsymmetry. Although this chiral symmetry is not broken spontaneously, according to Coleman's theorem [42] , there may appear massive fermions and bosons in the spectrum and may decouple in the IR limit, leaving only massless degrees of freedom [43] . If one writes φ = |φ|e iθ , the R-symmetry is given by θ → θ − 2α. Then, the modulus |φ| and the new fermion χ = e iγ 3 θ/2 ψ,χ =ψ e iγ 3 θ/2 are all singlets and may aquire masses. These degrees of freedom may decouple in the IR limit, leaving θ as low energy degrees of freedom. The IR effective action of θ may be given by
where K is an effective coupling constant. Other chiral symmetric terms are irrelevant.
The value of K will provide us a criterion for the full recovery of N = 2 superconformal symmetry in the IR limit. The Gaussian model can reproduce N =2 superconformal algebra, because both bosonic and fermionic components of the chiral superfield can be constructed from the single bosonic field θ, and the model contains indeed the superconformal stressenergy tensor at the two values K = 1/12π and 3/4π [30, 31] . U(1) R-charges of φ and ψ in the WZ model suggest that K = 3/4π is realized in our case.
To extract the value of the coupling constant K, we again plot the finite volume scaling of the susceptibility χ θ ≡ a 
